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Abstract 

The transition from dependent to independent Bloch 
waves in high-energy electron diffraction theory is 
demonstrated by observing the disappearance of sub- 
sidiary fringes in Kikuchi patterns as the crystal thick- 
ness is increased. Comparison is made between 
experimental and computed Kikuchi band profiles in 
Si. It is shown that the subsidiary fringes provide 
a method for thickness determination in zone axis 
convergent-beam electron diffraction patterns from 
relatively thin crystals. 

I. Introduction 

Electron channelling effects have been observed in a 
wide range of electron microanalytical techniques 
including X-ray emission (e.g. Cherns, Howie & 
Jacobs, 1973; Taft0 & Spence, 1982), energy loss 
spectroscopy (e.g. Taft0 & Krivanek, 1982; Taft0, 
1987), backscattering (Hagemann & Reimer, 1979), 
secondary electron emission (Reimer, Badde, Seidel 
& Buhring, 1971), cathodoluminescence (Pennycook 
& Howie, 1980), Compton scattering (Williams & 
Bourdillon, 1982) and thermal diffuse scattering 
(Rossouw & Bursill, 1985). The feature common to 
all these is that the interaction between the fast elec- 
trons and the crystal is localized about the atomic 
sites r~. The magnitude of the interaction therefore 
depends on the electron density at the atoms [n(r~)], 
and it is the variation of this quantity with orientation 
that gives rise to the channelling effects. In principle, 
the electron density must be calculated by taking the 
modulus squared of the wavefunction, which consists 
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of a sum of Bloch states ~,cJ)(r,,) with amplitudes e°): 

I I n(r~)= ~ e~J)OcJ)(rK) (1) 

n (r,,) therefore contains cross terms between different 
Bloch states; in other words, (1) represents a depen- 
dent-Bloch-wave result. It is well known, however, 
that in thicker crystals the effects of the cross terms 
diminish owing to summation over all the atoms in 
the crystal (i.e. thickness integration). The electron 
density is then well represented by the independent- 
Bloch-wave result [for a full discussion see, for 
example, Bird & Wright (1989)] 

n(rK) = ~ le~J)~J)(r~)l 2. (2) 
J 

In this paper we show that the subsidiary fringes 
which are observed in Kikuchi bands are a dependent- 
Bloch-wave phenomenon, and that their disappear- 
ance with increasing thickness provides a simple and 
clear demonstration of the transition to independent 
waves. The word 'transition' is a little misleading 
here, but we use it because it has appeared widely in 
the literature. In fact, the dependent-Bloch-wave 
result is always correct; the independent-Bloch-wave 
treatment simply becomes an increasingly good 
approximation as thickness increases. We also show 
that the subsidiary fringes may be used to provide an 
estimate of thickness in zone axis convergent-beam 
patterns (CBPs) from relatively thin crystals. The 
occurrence of these fringes has been known for some 
time (Uyeda, Fukano & Ichinokawa 1954), together 
with their theoretical explanation (e.g. Fujimoto & 
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Kainuma, 1963; Rossouw & Bursill, 1986) but a full 
thickness sequence has not been previously reported. 

2. Experimental and computation 

(111) Si wafers were chemically thinned to electron 
transparency. CBPs were taken at room temperature 
down the [111] zone axis at 200keV with a JEOL 
2000FX electron microscope. Patterns were taken 
from areas with thicknesses varying from 40 to 
400 nm. Parts of the Kikuchi pattern, across the 2,20 
and 224 bands (see Fig. 1), are shown in Figs. 2 (a ) - (e )  
and Figs. 3 (a ) - (e )  respectively. Subsidiary fringes 
are observed on both bands. At 60 nm strong fringes 
are observed fight across the 220 band, while they 
are already quite weak near 224 and almost invisible 
near 448. At 100 and 125 nm there are still strong 
fringes about 220, but they have nearly vanished for 
440 and 660. The 224 fringes are becoming finer and 
weaker. 220 fringes are still clearly visible at 250 nm, 
but have virtually disappeared at 300 nm. The 224 
fringes have already gone at 250 nm. 

Using single scattering theory, the intensity of the 
Kikuchi pattern in a direction K' is given by (e.g. 
Rossouw & Bursill, 1986; Bird & Wright, 1989) 

I(K')oc t ~. ~. Cfo(K')CZh*(K')Cfo'*(K')Cfh;(K') 
f f '  hh' 

x exp (iAYY't/2)[sin (AYY't/2)/(AYf't/2)] 

x ~  exp [ i ( h ' - h ) .  (K) r~]Sh, h'(q). (3) 
K 

The f, f '  sums are over branches of the dispersion 
surface and the h and h' sums are over reciprocal- 
lattice vectors. The C { are Bloch-wave coefficients 
and t is the crystal thickness. AYY'( = k { -  kYz ') is the 
difference between the z components (perpendicular 
to the crystal surfaces) of the Bloch wave vectors and 
is related to the extinction distance ~ff" by AfY'= 

/ . , . ' , .% 
/ /  

\ 

/ /  % ,~ 

\ 

Fig. 1. Schematic diagram of [111 ] convergent-beam pattern. The 
circle is the first-order Laue zone and the boxes show the regions 
of the patterns displayed in Figs. 2 and 3. (Some are from the 
60 or 180 ° rotated bands, but this does not affect the Kikuchi 
band profile.) 

2~r/¢ Iy'. The summation over K is over all atoms in 
the unit cell and 

(K) Sh,w(q) = vK(q+ h)v~(q+ h')(exp [ -  M ~ ( h -  h') 2] 

- exp { -  MK[(q + h)2 + (q+ h')2]}) (4) 

describes the thermal diffuse scattering within the 
Einstein model of lattice vibrations, q is the scattering 
vector, vK (q) is the atomic form factor and MK is the 
Debye-Waller  factor. The incident electron orienta- 
tion appears in (3) only through q. The initial state 
is assumed to be a plane wave, but this is not impor- 
tant for the Kikuchi line profile which is controlled 
by diffraction of the outgoing waves (e.g. Bird & 
Wright, 1989). That is, the details of S(q) are relatively 
unimportant in (3); what matters are the Cf(K ') and 
Aff'o 

Nine-beam systematic row calculations have been 
carried out for the (220) and (22~,) rows of Si, for 
orientations K' as shown in Fig. 1. The incident beam 
is parallel to the [111] zone axis. Although we con- 
sider only one incident orientation this should pro- 
vide a good approximation in the case of an on-axis 
CBP because two orientations which are symmetri- 
cally disposed on either side of the centre of a band 
give rise to a Kikuchi pattern similar to that from a 
single orientation at the band centre (Bird & Wright, 
1989). Doyle & Turner (1968) parameters were used 
to calculate the form factors and the Debye-Waller  
factor was set at 0-45 ~2 (Vincent & Bird, 1986). The 
crystal thickness was first estimated from the sub- 
sidiary fringes spacing using two-beam theory (see 
following section) and then refined by comparing 
many-beam calculations with experiment. The calcu- 
lated profiles [with the linear factor t in (3) omitted] 
are shown in Figs. 2 ( f ) - ( j )  and 3 ( f ) - ( j ) .  There is 
excellent agreement between theory and experiment. 

3. Discussion 

The thickness-dependent Kikuchi band fringes 
observed in Figs. 2 and 3 are basically controlled by 
the sin (At/2)/(At/2) term in (3). As the thickness 
exceeds the effective extinction distance this term 
becomes small f o r f # f ' ,  but remains unity f o r f= f ' .  
The observation of fringes therefore implies the 
existence of interference between different Bloch 
states (i.e. dependent waves), while in thicker crystals 
only terms with f = f '  are significant, leading to an 
independent-Bloch-wave result. It follows that the 
disappearance of the fringes with increasing thickness 
provides a direct visualization of the dependent to 
independent Bloch wave transition. This is par- 
ticularly clear in the computed profiles in Figs. 2 and 
3. As the thickness increases the profiles converge to 
a given shape; at lower t this overall shape is retained, 
but is modulated by interference fringes. The 
sequence in which the fringes disappear in Si is readily 
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Fig. 2. Experimental (a)-(e) and 
theoretical (f-j) Kikuchi band 
profiles across the 220 band in 
Si at various crystal thicknesses. 
The orientation scanned is 
shown by the dashed box in Fig. 
1. See text for details. 
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Fig. 3. As in Fig. 2, but for the 224 
band. 
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understood. In two-beam theory, the larger the g 
vector, the more rapid is the splitting of the two 
branches away from the Bragg condition. Therefore, 
although the extinction distance at the exact Bragg 
condition increases for larger g, the effective extinc- 
tion distance (i.e. the reciprocal of the branch spacing) 
tends to decrease. In Figs. 2 and 3 the fringes are 
observed away from the Bragg condition, so it is the 
effective extinction distance which matters. It follows 
that the fringes should disappear inversely to the 
length of the relevant g vector, which is exactly as 
observed. Although absorption has not been included 
in our calculations, this cannot be responsible for the 
weakening of the fringes. Only anomalous absorption 
could be significant, and in two-beam theory the 
effects of this diminish as we move away from the 
Bragg condition and the effective extinction distance 
increases (e.g. Hirsch, Howie, Nicholson, Pashley & 
Whelan, 1977). For a given thickness we would there- 
fore expect a more significant effect for the stronger 
reflections. In our case the reduction in fringe visi- 
bility acts in the opposite direction. 

It is clear from the experimental patterns and com- 
puted profiles that two-beam theory should provide 
a good approximation near the weaker Kikuchi lines. 
In the two-beam limit, and with the incident beam 
on axis with respect to the Kikuchi band, the orienta- 
tion-dependent part of (3) can be written (Bird & 
Wright, 1989) 

U W  [ s in (At ) l  U 2 
U2..[_ W2 1 At  J with A = ( + W 2 ) 1 / 2 / k  , 

(5) 
U is the magnitude of the structure factor of the given 
reflection H, W the deviation parameter H .  8K' 
(where 8K' is zero at the Bragg condition) and k the 
fast-electron wave vector. The weak (and smooth) 
orientation dependence of S has been ignored in (5), 
together with another oscillatory term which exists 
for non-centrosymmetric crystals (Bird & Wright, 
1989). When W>> U, (5) implies that the fringe 
spacing A K '  corresponds to a change of 27r in W t / k ,  
SO 

A K ' = 2 z r k / H t  or t = ( 2 7 r k / H 2 ) ( H / A K ' ) .  (6) 

It follows that the subsidiary fringe spacing may be 
used to determine thickness in a zone axis CBP. The 
use of this method makes it unnecessary to tilt away 
to perform a standard two-beam thickness measure- 
ment (Kelly, Jostons, Blake & Napier, 1975) and 
avoids the possibility that the probe moves across the 
specimen. In fact, the orientation dependence of (5) 
is similar to that in elastic two-beam theory, so the 
use of Kikuchi-band fringes is closely analogous to 

the usual method for thickness determination. There, 
the W>> U approximation is not made, but as fewer 
fringes are observable in Kikuchi patterns the method 
cannot be as accurate and we suggest that the simpler 
formula (6) should be used. 

To demonstrate the method we look at the 224 
band in Fig. 3(c). Here the 2 r r k / H  2 factor in (6) 
equals 4.88 nm. From the spacing of the bright fringes 
we obtain A K ' / H  =0.04 and a thickness of 126 nm. 
Similarly, in Fig. 2(d), the 29-0 fringes have a spacing 
A K ' / H  =0.06, giving t =230 nm. Values for the 
thickness obtained in this way from the other patterns 
in Figs. 2 and 3 also agree well with fits to the 
many-beam profiles. The most accurate results should 
be obtained with relatively weak bands, where two- 
beam theory works best and where the W >> U condi- 
tion is more easily satisfied. The sensitivity of the 
fringes to thickness can be seen in Figs. 2(b) and (c) 
where the relatively small thickness difference pro- 
duces significant changes in the Kikuchi band profile. 
By using a combination of the bands visible in a 
pattern we estimate that t may be obtained to an 
accuracy better than ± 10 nm. 
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